Four algorithms are described for computing a steady free water surface with the solution of the three-dimensional (3D) Navier-Stokes equations. The numerical methods are used in hydraulic engineering cases, typically spillways and river modelling. The algorithms were tested against a laboratory experiment of a v-shaped broad-crested weir. The complex geometry of the weir introduced three-dimensional effects, which the numerical methods handled with varying degrees of success. One of the methods tested was the classical volume of fluid (VOF) approach, implemented in the OpenFOAM software with a fixed grid. The other three algorithms used an adaptive grid that followed the free water surface. These methods were coded in the SSIIM 2 program and were based on water continuity, pressure differences and an implicit solution of the diffusive wave equation. The VOF method gave the best results compared with the experiments. However, this method requires a very short time step. Two of the investigated methods compute the water surface location implicitly and can therefore use a much longer time step. The method based on the diffusive wave equation has the disadvantage that the results depend on a calibrated friction factor. All four methods predicted the water depth over the weir with an average accuracy below 14%.
INTRODUCTION
Three-dimensional (3D) numerical models solving the Navier-Stokes equations are today increasingly applied in water engineering projects. A particular problem for rivers and channels is determining the location of the free surface (Aguilar et al. ) . The Navier-Stokes equations require special algorithms for computing how the surface changes in space and time (Erdbrink et al. ) . The most classical hydraulic problem is to predict the coefficient of discharge for a spillway (Savage & John- son ; Jacobsen & Olsen ; Li et al. ) . This is also one of the most common investigations for commercial laboratory model studies. Another hydraulic engineering problem related to computation of the free water surface is reservoir flushing. Then the water level is drawn down to increase the water velocities and thereby erode the sediments in the reservoir (Haun & Olsen ) . This problem requires an accurate and stable prediction method for the free surface. Predicting too low water levels will lead to a higher velocity and shear stress, giving too large erosion.
Too high water levels reduce the computed erosion in the reservoir. vantage with the VOF method is that a fairly dense grid has to be used near the water surface to get an accurate prediction of its location (Rüther et al. ; Feurich & Olsen ) .
Also, a relatively short time step has to be used, respecting the Courant criteria. The required size of the time step may then be only fractions of a second. Longer time steps produce instabilities. In sedimentation engineering, it is often desirable to predict sediment transport in a reservoir over a very long time, for example, 50-100 years. The computational time using the VOF method would then be too long.
In most water engineering cases where a river is modelled, the water surface is fairly horizontal (Tritthart & Gutknecht ) . If this assumption is made, it is possible to derive alternative numerical algorithms for the determination of the free water surface. An advantage with this simplification is the possibility to employ an adaptive grid that follows the water surface (Olsen & Kjellesvig ) . A coarser grid can then give the same accuracy as a finer fixed grid. Also, alternative equations can be solved, giving different accuracies and stabilities for the computation of the free surface. The most interesting approach for simulations over a long time would be implicit methods, where long time steps can be used. Two implicit and two explicit algorithms for computation of the free surface are described and tested in the current paper.
TEST CASE: V-SHAPED BROAD-CRESTED WEIR
An earlier study (Haun et al. ) investigated different algorithms for computing the water surface over a broadcrested weir for a 2D situation. The current paper also uses a broad-crested weir, but with a more complex 3D geometry. This enabled 3D effects to be investigated. The weir is V-shaped looking both in plan view and in a cross-section.
The geometry is given in Figure 1 , showing a plan view (Figure 1(a) ), longitudinal profile (Figure 1(b) ) and a crosssection (Figure 1(c) ). A physical model of this weir was built at the laboratory of the Department of Hydraulic and Environmental Engineering at the Norwegian University of Science and Technology. The weir was built of plexiglass, and was 60 cm wide, 90 cm long and 20 cm high. A photograph of the weir is shown in Figure 2 . The model was 
NAVIER-STOKES EQUATIONS AND THE GRID
Both computer programs used in the current study solved the Navier-Stokes equations in three dimensions using the k-epsilon turbulence model (Launder & Sharma ) . A control volume method was used for the discretization of the equations. The pressure was computed based on the 
The time is denoted t and x is a spatial distance. 
NUMERICAL METHOD BASED ON THE CONTINUITY EQUATION (CGA)
The adaptive grid methods can be divided into two groups:
one which includes gravity in the Navier-Stokes equations and one which omits this term directly. The latter methods take gravity into account when computing changes in the water surface.
The method using the continuity equation with gravity in the Navier-Stokes equations and an adaptive grid is in the following given the abbreviation CGA (continuity, gravity and adaptive grid). The algorithm was first developed by Olsen & Kjellesvig () , who used it successfully to compute the water flow over a spillway. A deviation of 0.5% was observed between the predicted and measured coefficient of discharge. Olsen () also used the method to compute the movement of soil in a sand slide due to a water reservoir drawdown.
The main idea of the algorithm is based on an ad hoc method to compute the pressure in the cells close to the free surface instead of using the SIMPLE method. The method interpolates the pressure in the cell closest to the surface from the cell below and the zero water pressure at the free surface. The SIMPLE method is based on water continuity being fulfilled, so when it is not used, the water continuity is not fulfilled in the surface cells. The water continuity defect, ΔQ, can be computed from the water fluxes flowing in and out of the cell. The continuity defect is then used to move the water surface vertically a distance
Δz according to the following formula:
The time step is denoted Δt and A z is the area of the cell projected in the horizontal plane. Since the formula is proportional to the time step, the method will require The CGA method produced small instabilities at the surface, similar to small waves. A smoothing formula was used to remove the small oscillations:
The indexes (i, j) denote the grid intersection between cross-section line i and longitudinal profile j. The parameter r is a relaxation coefficient, set to 0.01. Equation (3) was applied after each grid update.
IMPLICIT NUMERICAL METHOD BASED ON PRESSURE DIFFERENCES (IPDA)
Methods allowing for longer time steps are based on other approaches. The VOF and CGA methods use the NavierStokes equations to find the free surface through the computed velocity field. They are thereby based on a momentum balance. Instead, it is possible to use the computed pressure to find the water surface elevation, z p , in a surface cell with index p as a function of the water surface elevation in the neighbour cell, indexed i:
The water density is denoted ρ, and g is the acceleration of gravity. The pressure, P, in each cell is computed from the SIMPLE method, when solving the Navier-Stokes equations. Equation (4) 
A formula for the weighting coefficients, a i , is then required. In supercritical flow, the upstream cells should be given more weight than the downstream cells, and vice versa for subcritical flow. In the current study, the following formula was used:
The Froude number is denoted Fr, and w is the normalized dot product of the velocity vector and the direction vector,s, from cell p to cell i:
In addition, the coefficient, a i , in Equation (6a) was set to zero if cell p was upstream of a hydraulic jump, and cell i was downstream of the jump. Equation (6b) Equations (5)- (7) were solved implicitly using a GaussSeidel method. The boundary conditions were zero gradients at all sides, except for the downstream boundary. The initial downstream water level was equal to 0.3 m, the constant initial value for the whole grid. The downstream water level was drawn down to 0.15 m after the first time step and was kept fixed there during the computations.
Equations (5)- (7) do not contain the time step, so the method is well suited for quasi-steady simulations with long time steps. The current study used a time step of 100 s. However, there were still stability problems with the method. The solution has to start with an initially guessed water level. This is usually not the correct one, and the pressure field associated with the initial grid is then not the same as the pressure field for the correct solution. Using Equation (5) directly will therefore easily lead to instabilities, especially for high Froude numbers. A relaxation procedure was therefore used, where the movement of the water surface, Δz, between each grid update was computed from the following equation:
The index k is here used to denote the iteration number.
The current iteration is k and k-1 is the previous iteration.
The relaxation factor, r was set to 0.01 in the current formula.
This did not eliminate the instabilities completely. A smoothing procedure was therefore used, with Equation (3).
A smoothing factor of 0.03 gave good results as shown in 
IMPLICIT NUMERICAL METHOD BASED ON THE DIFFUSIVE WAVE EQUATIONS (IDWA)
The method will be stable for long time steps if the weighting coefficients, a i , are positive and the source term, 
The velocity, U, is here assumed normal to the surface between the two cells. The water depth is denoted h, and z is the vertical location of the water level. The parameter c f is a friction coefficient and g is the acceleration of gravity. The equation has four terms. From the left, a transient acceleration term, then a convective term, then a term related to the surface slope and then a friction loss term. The current approach uses a finite difference method for the discretization. The equation is solved with respect to the velocity and applied to a location between two depth-averaged cells, p and i:
The velocities without index are located between the cells p and i. The velocities at time t are taken from Navier-Stokes equations at the previous time step, and are known when the equation is solved. The distance between the centre of the two cells is given as Δx.
The current algorithm is designed for a quasi-steady state situation with long time steps. Then the transient acceleration term in Equation (10) is small and can be neglected.
Taking it out of the equation and solving with respect to the velocity at the next time step, U tþ1 gives:
The water flux between two cells, w and i, is then given by this velocity multiplied with the area of the border between the two cells. With cell p having four neighbour cells in a 2D depth-averaged grid, there are four fluxes around cell p. The continuity equation can then be written as:
This gives the following equation for the weighting coefficient in Equation (9):
The convective term is here omitted, so that the coefficient always will be positive. This is done for stability reasons. Removing both the convective and the transient acceleration terms will reduce the shallow water equation to a diffusive wave equation. The current approach is therefore abbreviated IDWA (implicit diffusive wave with adaptive grid).
In the current study, the Manning equation is used to compute the friction loss instead of a drag formula. Equation (14) can then be transformed to:
Equation (15) includes the effects of the water slope and the bed friction. Manning's friction coefficient is denoted n.
The velocity in the equation is taken from the 3D NavierStokes equations, and is known when the coefficient is computed.
The source term in Equation (9) includes the right-hand side of Equation (13) as a boundary condition for the upstream and downstream cells:
The downstream boundary condition is most often a specified value of the water level. In the current model, this is implemented by giving the following boundary condition to the downstream cells:
The method was also used as boundary condition for the IPDA method.
Equation ( However, the IPDA method is more unstable. Note that smoothing and relaxation was required to get the IPDA to be stable, but this was not needed for the IDWA method in the current study.
Also note that since the IPDA and IDWA methods do not contain the time step, they will not give the correct solution for cases where the water level varies fairly rapidly, for example waves.
The accuracy of the four methods was assessed by calculating the difference between the measured water surface, z m , and the values from the numerical model, z n :
The computations were done over the weir, upstream of the hydraulic jump. The parameter D is dimensionless, scaled with the average water depth, H, at the weir.
The number of measured water levels over the weir is denoted c. Table 1 
CONCLUSIONS
The VOF method used in, for example OpenFOAM, gives a very good estimate of the water surface over the weir. The main problem with the VOF and CGA method is the need for a relatively short time step. An adaptive grid method can use fewer cells with the same accuracy, but it has other drawbacks. The CGA method did not compute the water levels as accurately as the VOF method.
The implicit methods with adaptive grids (IPDA, IDWA)
give reasonable results for the water level over the weir, although not as good as the VOF method. However, the implicit methods can use very long time steps, which is beneficial for simulating processes that take place over a long
time. An important disadvantage with the IDWA method The study also shows that a CFD program can be used to predict the water surface over a spillway on a relatively coarse grid and still produce high quality results. The computational times for all the tested algorithms were reasonable for engineering purposes on a desktop PC.
